The equation describing the capacitance of capacitors is determined. It is shown that by optimizing the material of the conducting electrodes, the capacitance of capacitors reaching the quantum regime can be substantially enhanced or reduced. Dielectric capacitors with negative total capacitances are suggested and their properties analyzed. Resulting perspectives to enhance the performance of electronic devices are discussed.
INTRODUCTION
As the characteristic properties of electronic circuits reaches quantum scales, new possibilities emerge for the realization of novel, quantum electronic devices which exploit the quantum nature of solids. Here we show that by using quantum eects, the capacitance of electronic devices can be optimized to a great extent, which is a key to the further miniaturization of electronic compo- Quantum eects also alter the capacitance of large, macroscopic capacitors that reach the quantum regime because their dielectrics become thin. As we show, for such devices the capacitance comprises not only the wellknown geometric capacitance, but four more capacitance terms. These originate from the kinetic energy of the electrons, from their exchange energy, their correlation energy, and the electron-phonon coupling energy.
In this paper, we present the general equation for the capacitance of capacitors that considers the quantum mechanical energies of the electronic systems involved. This equation applies to two-plate capacitors, also in case their dielectric is ultrathin. It is shown that for given r and A the capacitance of capacitors reaching the quantum regime may dier considerably from the well-known value
In fact, the capacitance may be even negative. Here 0 is the dielectric constant of the vacuum, r is the dielectric constant of the dielectric material between the two electrodes of area A, and d is the thickness of the dielectric.
It is specically shown that capacitors can be fabricated that do not follow Eq.
(1). By altering the conducting materials of the electrodes and by varying the geometry of the capacitor in novel ways the capacitance of such capacitors can be greatly enhanced or lowered as compared to Eq. (1). Electrode materials of interest include materials with strong electronic correlations such as transition metal oxides, two-dimensional electron gases as generated at interfaces in oxides or semiconductors, metals with small carrier densities, organic conductors, and materials such as graphene. We point out that these quantum phenomena and their technical implementation provide a possible strategy to control large or small capacitances by the electronic properties of the conducting electrodes as opposed to the standard search for low or high-κ dielectrics 11 .
It is common knowledge that classical electrostatics 10 determines the capacitances. In the textbook case of a capacitor with two electrodes, the capacitance is characterized by
where Q is the charge on a capacitor electrode, C is the capacitance, and V is the voltage between the electrodes. In more general terms, for multiple conductors (i = 1, 2, . . . , n), the capacitance is characterized by the corresponding static response relations Q i = j C ij V j , where V i and Q i are the potential and the total charge of conductor i, respectively. The coecients C ij de-It is apparent that Eq. (1) is not very useful for the design of ultra-small devices, where, for example, single electron eects play an essential role (see, e.g., Ref. 16 ).
The calculation of the electronic properties of such devices is typically based on the direct calculation of quantum mechanical energies.
Quantum mechanical eects, however, are also of importance for large devices with macroscopic lateral dimensions. The conductors of electrodes can screen, for example, the electric eld only over non-vanishing lengths such as the Thomas Fermi screening length. This eect obviously enhances the eective dielectric thickness d . The enhancement of d has rst been observed by Mead 5 , conrmed by Hebard et al. 6 for a known thickness of the dielectric, and deduced 7, 8 from the charge distribution prole in the electrodes which is controlled by the kinetic energy of the charge carriers (see the detailed discussion and evaluations in Refs. 9). A framework to calculate the capacitance coecients C ij that considers the eld penetration into the conductor has been formulated by Büt-tiker. 12 He evaluated the space-dependent Lindhard function. The eld penetration into the capacitor electrodes introduces corrections to the geometrical capacitance: For a macroscopic d , the corrections arising from the Thomas-Fermi lengths or δx (1,2) are tiny, because they represent small, quantum mechanical length scales. However, exceeding these eects described, quantum phenomena are of fundamental relevance in controlling the capacitances of electronic circuits as soon as the eective thickness of their dielectric layers d approaches quantum mechanical lengths such as r a B . Current devices like modern MOSFETs are close to this transition, and quantum phenomena need to be considered in their design. As we show, this even holds for capacitors of macroscopic lateral dimensions and macroscopic numbers of charge carriers, if their dielectric layers are suciently thin. It is hereby particularly interesting that also correlation effects in the electron systems of the conducting electrodes may alter the capacitances in unique ways. We therefore propose to use these quantum phenomena as a possible tool to optimize devices such as MOSFETs. Desired large or small capacitances can potentially be attained by tuning the electronic properties of the conducting electrodes in addition to the standard approach of using low-or high-κ dielectrics and small or large barrier thicknesses. II 17 The ground state energy as a functional of the electronic densities may be decomposed as:
The sums are used to describe the energies of the two possibly dierent metallic plates. In capacitors for which surfaces are relevant, the electronic density n i (r) is a function of the space coordinate r. The energy E[n i (r)]
is then a functional of the densities on the two electrodes.
The Hartree term E H in Eq. (3) includes all direct
Coulomb interactions between the electrons of the conduction bands; these long-range Coulomb potentials also include the electrostatic interaction between the plates.
The other energies, which are of pure electronic origin,
are not caused by inter-plate interactions, but rather are local attributes of each plate. These energies are the kinetic energy of the electrons E kin,i , the exchange or Fock energy E x,i , and the correlation energy E c,i , which represents the electron-electron interaction energies beyond the Hartree-Fock description.
The external energy E ext,i is the energy of the conduction electrons in an external potential; it most prominently includes the interaction energy between the electrons and the background charge that is caused by the nuclei. Because this Coulomb interaction between electrons and nuclei is long-ranged, it diverges with increasing area A; this divergence is canceled by a similar diverging term of opposite sign, which results from the electronelectron interaction in the Hartree contribution. 19 Inhomogeneities such as surface potentials or potential wells are also introduced through E ext,i .
To treat the electronic exchange eects, all electronelectron interactions, including those with the electrons of the ionic core states, need to be contained in the Hartree-Fock and correlation terms. In eective models, however, the exchange contribution of ionic core states with conduction electrons is often neglected, an approximation that allows to include the occupation of these electronic core states in a pseudopotential or in a suitably dened ionic core charge. In those cases, it is useful to introduce an eective dielectric constant eff,i into the electronic interaction terms which accounts for the polarizability of the ionic cores.
In case the electron systems on the two parallel plates are homogeneous, i.e. if they don't reside on lattices,
given by the distance between the boundaries of the uniform positive background charge of the electrodes. This energy term matches the standard equation for the energy of the capacitor,
with the geometric capacitance C geom = 0 r A/d. Yet, also the other three terms in the energy functional generate capacitances. These capacitances result from distinct quantum phenomena.
To derive the total capacitance C for Q → 0, we expand the energy functional to second order in Q. phonons it is expected to be negative.
cording to the coecients of Q 2 /2: (6) . In this paper we will not investigate C el−ncc in more detail.
Eventually, to obtain the voltage dependent capacitance C(V ) beyond the linear response limit of Eqs. (5) and (6), one takes the Legendre transform E of the energy E(Q) with respect to Q and identies the capacitance
For the sake of clarity, we explicitly note that the value of the dierential capacitance for specic values of V , Q, 
is of a dierent nature: 34 it is a coherent quantum mechanical superposition of the two states that each carry the electrons on either of the two layers. This ground state has been introduced and predicted for bilayer quantum Hall systems. 37, 38 It is characterized by a spontaneous interlayer phase coherence (SILC) of two layers which are each entirely isolated except for their in- will be lost in capacities operating with nite electric elds in noisy electronic circuits at room temperature.
The states with charged electrodes may be generated through an applied voltage in cases where the dierential capacitance C for Q → 0 is negative (see the following subsections). The states with charged electrodes are expected to persist up to high temperatures of the order
In compounds with strongly electronic correlations, the correlations may favor either the SILC states or the states with charged electrodes. We consider the unpolarized homogeneous electron gas on two nanoscopically close plates as a model capacitor and refer to possibly relevant, correlated electron systems in the following chapters.
We conceive that practical capacitors with negative, total capacitance can eventually be realized, in particular by using strongly correlated systems. The capacitance C for a capacitor with twodimensional electron systems on each plate is determined by the inverse capacitances given in Eq. (6). To shed light on the physical origin of the rhs of Eq. (6) and to present a method to approximately calculate these terms, we introduce the thermodynamic compressibility κ of an electron system. As follows from Seitz's theorem
is given by the rst derivative of the chemical potential µ or by the second derivative of the total energy E, both taken with respect to the electronic density n = N/A:
2 , which is a standard thermodynamic relation in the limit of zero temperature.
For 2D-systems we rewrite Eq. (6) in terms of the inverse compressibility of a 2D conductor:
The inverse kinetic and exchange capacitances can be determined from Eq. (7), using the well-known expressions for the energy functional of a 2D homogeneous electron system (see, e.g., Ref. 24):
where a B = 4π 0 2 /(me 2 ) 0.5Å is the bare Bohr radius, m i is the eective electronic mass and eff,i the effective dielectric constant in plate i. of the capacitor self-charge once they are connected. In these systems, the inverse exchange A/C x plus correlation A/C c capacitances dominate the inverse kinetic capacitances A/C kin plus the geometrical capacitance, so that the total capacitance C becomes negative.
In a homogeneous electron gas, electron-phonon contributions are not present by denition. Correspondingly, A/C el−ncc in Eq. (6) is disregarded here. The last term to be considered in A/C of Eq. (6) is the correlation term. If present, C c is particularly important, and obviously even more so in those cases in which A/C x and A/C kin almost cancel each other.
To estimate the correlation capacitance of the 2D homogeneous electron gas, the parameter r s is introduced.
It is a dimensionless number that characterizes the interparticle distance: 
and
respectively. Here, the polynomial functions u, x, y, z are dened as: Eqs. (7) and (9), (11) and (13) reveal that the total capacitance can dier considerably from the geometrical capacitance. It is only for the case that C geom /A is much smaller than |κ i | (en i ) 2 that the total capacitance is bound to be given by the geometrical capacitance. The strong dependence of C on r s is illustrated in Fig. 2 for a symmetric capacitor. As expected from the previous discussion, with increasing r s the capacitance diverges and becomes negative when the negative terms 2(A/C x + A/C c ) compensate the positive terms (2A/C kin + A/C geom ) at r s = r 0 . The r s value at which the capacitance changes sign is higher than the one at which the compressibility becomes negative. We assign to It has to be expected that the electronic states on the plates change qualitatively at the transition into the regime of negative electronic compressibility 48 at r c .
The new ground state is characterized by exponentially damped charge density modulations (cf. [49] ). A further transition into a self-charged state takes place at r 0 where the capacity becomes negative.
As shown by Fig. 2 , the capacitance exceeds the classical capacitance (C > C geom ) for r c < r s < r 0 . This result relies on the assumption that, also at these carrier densities, the electron system is homogeneous. For non-homogeneous electron systems, the phase transition into an electronic state with negative compressibility has not been investigated rigorously. It cannot be excluded that for r s > r c the capacitance behaves dierently than shown by Fig. 2 . In particular, a metal-insulator transition 50 with a spatially inhomogeneous insulating phase 51 has been observed which is probably controlled by strong disorder. Also, a phase transition into a charge density wave state seems possible. 52 The functional properties of the capacitance nevertheless reect the energy dependence of the electronic state on the charge carrier density of the electrodes.
For the ideal capacitor with two-dimensional electrodes, the kinetic term has a negligible inuence on the capacitance for large density of states or, equivalently for large eective mass (see Fig. 3 ). This applies for
Leaving the model capacitor, the description of a realistic quasi-2D electronic system has to consider also the nite thickness of the quantum well which hosts the 2D electron system. As discussed, the Hartree term contains such corrections which are included in d . Also the exchange and correlation terms depend on the nite thickness which may be considered by a form factor that acts as a prefactor for the respective energies. Such a form factor has been introduced by Stern 9 for the ex-change term and has been applied by Eisenstein et al. 45 in the evaluation of their experiments. This nite thickness correction does not alter in a qualitative way the dependence of the capacitances as given by Eq. 12. 4π 0 A/C geom = 4πd (15) except that the charge does not completely reside in the surface planes of the electrodes. A simple approach for 3D systems assumes the charge density to decay into the bulk with a length scale of the order of the screening length λ. The eective distance between the capacitor plates is thereby slightly enhanced by 2λ, because the static Coulomb energy is determined by the charge distribution which is inuenced by the boundary condition of the electron wave function at the surface. 7, 9, 13, 53, 54, 55 The results of such an approach have to be contrasted with those of Lang and Kohn. 14 With the 3D electronic density n = N/V, the compressibility relation is:
2 . For a capacitor with 3D plates, the screening of the charge causes the charge density to be non-uniform perpendicular to the plates on the scale of the screening lengths λ i . With the above introduced assumption of constant compressibility, the relation between the capacitances and compressibilities has the approximate form
In case the density of states (DOS) ρ (3D) (ε F ) (the DOS at the Fermi energy ε F for both spin directions) is spatially uniform and if the screening follows the ThomasFermi screening of a free electron gas with λ (TF) i
given by Büttiker 12 .
The relevant surface volume of the electrode i is given by the surface area times the screening length λ i .
Eq. (17) yields the value of the inverse capacitance.
The kinetic term in the energy functional generates for each electrode a capacitance, the inverse value of which is:
A straightforward conversion to the Thomas-Fermi approach, which also accounts for the polarizability of the underlying lattice and of the ionic cores through a corresponding eective dielectric constant eff,i (see, e.g.,
Ref. 13), identies:
where the bulk Thomas Fermi screening length is
Eq. (18), jointly with Eqs. (20) and (19), yields the simple relation:
Here we have used the density of states (DOS) relation for an electron gas:
We derived the relation Eq. electronic correlations the capacitance therefore grows to jump at r s > r 0 to negative values (see Fig. 4 ).
The exchange contribution to the capacitance results from the standard exchange energy functional 18 (using Eq. (17)):
The correlation contribution is derived from the approximate functional form of the 3D energy t to Monte Carlo calculations as given by Ceperley: (Fig. 3) , because the Thomas Fermi screening length with its functional dependence on m and r s enters the expression for C (3D) . Consequently, the transition to a negative capacitance occurs at higher dielectric constants eff in the 3D electrodes than for the ideal 2D capacitor (cf. the scales of eff in Fig. 3 and Fig. 6 ). For eff = 1, however, the transition of a capacitor with 3D electrodes takes place at higher eective mass and larger carrier spacing r s (i.e.
lower density) than for the 2D electrodes.
We nally address the question, how these results compare to those of Ref. 14 where eff = 1 and r = 1 have to be chosen. 58 Since we did not include the surface dipole layers, we cannot expect to nd agreement concerning the eective capacitance length as dened by the inverse total capacitance. We therefore compare the dependencies of the kinetic term and of the combined exchange and correlation terms on r s . We take the centre of mass position of the induced charge density from a recent publication (Table 1 in charge the capacitor 63 (see the lower two curves in Fig. 7 ).
The capacitor is characterized by multiple stable states, and may be switched between these by small bias pulses. Should at breakdown a conducting channel be induced in the dielectric, the same argument applies, if the channel is considered as an additional lead that connects the electrodes. The electronic state of the electrodes is not dependent on this channel and the electrodes will stay charged.
VI. VOLTAGE DEPENDENCE OF THE

CAPACITANCE
In many applications it is the voltage and not the charge, with which the state of a capacitor is controlled.
To calculate the C(V ) characteristic we consider the Legendre transform E of the energy E(Q) with respect to Q, and identify the total capacitance as This feedback of increasing capacitance with increasing charge may be so strong for nanoscopic distances that the conventional Q(V ) and C(V ) characteristic is completely modied (see Fig. 11 ). For example, for d = 5.6a B (and eff = 1) we operate in a regime where the capacitor self-charges once a suciently high charge has been accumulated. In that case charge is transfered at vanishing energy expense (cf. Fig. 7 , where V (Q) = dE/dQ = 0 for a distinct, nite Q in the green, middle curve). The voltage is not zero in the fully charged state (Fig. 11) because this is not a thermodynamic state with a well- As shown by Eqs. (8, 9, 12, 13) , the capacitance (Eq. (6)) of a capacitor that uses such an electron gas is a function of r s , of the eective mass of the interface charge carriers m , and of the eective dielectric constant eff in the interface sheet.
Up to now, such oxide interfaces have been prepared with sheet carrier densities of the order of n i ∼ 5×10 12 − 5 × 10 14 /cm 2 , corresponding to bare r s -values ranging from 50 to 5. As Fig. 3 shows for the example of a parallel-plate capacitor, that comprises a 1.5 nm thick
HfO 2 layer as dielectric (with r = 23) and an electron gas with r s = 7.0 in each of the electrodes, the capacitances can be negative for realistic sets of m * and eff values. Moreover, the capacitance is enhanced for a broad range of eff and m .
B.
Other Systems 1/C kin may be strongly reduced at van Hove singularities. Conversely, the capacitance of condensators built with electrode materials such as graphene or other materials with a small density of states, will be reduced because then 1/C kin dominates 1/C geom . In that case, the small density of states determines the charging of the capacitance, and the charge is smaller than expected from
Recently, the quantum capacitance of coaxially gated carbon nanotubes 74 has been calculated using a Green's function density functional tight-binding approach which is based on a local density approximation (LDA) of the exchange correlation functional. This quantum capacitance includes the terms C kin and C x which are evaluated for the quasi one-dimensional nanotube. The behavior of this capacitance (see Fig. 3 As shown, the capacitance of a capacitor is described by the series connection of the Coulomb capacitance, the kinetic capacitance of the electrons, the exchange capacitance, the correlation capacitance, and the capacitance which results from the interaction of electrons with non charge-carrier degrees of freedom. Because for a free electron gas the exchange capacitance and the correlation capacitance are negative and the electron-phonon interaction may also result in a negative value, the total capacitance may be smaller or larger than the Coulomb capacitance, and may even reach negative values.
Our analysis shows that the capacitance is dominated by the eld capacitance for the case that the eld energy exceeds the energies of the electron system, but that the Because the capacitance of such capacitors is controlled by the energy of the electron system of the plates rather than by the eld energy, the standard parallel-plate conguration is not needed to obtain large capacitances or eld strengths (for example, in Fig. 12a all blue surfaces contribute to the capacitance 1/C − 1/C geom in Eq. (6)).
Rather, the surface areas of the electrodes are important.
We note that the desired modication of the capacitance does not require that the electrodes consist entirely of . 19 For clarity, we point out that the expression external potential used in characterizing Eext,i does not refer to the electrochemical voltage applied to the capacitor plates by an external voltage source. The electrochemical potential is the thermodynamic conjugate variable to the total charge Q and is derived from the total energy through V (Q) = dE(Q)/dQ, i.e., from the sum of all energy terms in Eq. (3) . 20 We use the term homogeneous electron system in the following, standard sense: a homogeneous electron system is an electron system with a positive background chargedensity n = N/V that is uniformly spread through the volume V, where N is the number of electrons in the neutral system. The positive background is supposed to be inelastic. The charged capacitor carries the additional electronic charge ±Q on each of the plates. 21 J. Bardeen, Phys. Rev. 49, 652 (1936) . 22 This relation is obtained from the expansion of E (Q) = E(Q) − V Q up to quadratic order in Q, i.e., from E (Q) = E0 + Q∆Φ/e + Q 2 /(2C) − V Q and the thermodynamic relation dE(Q)/dQ = V . The energy function is equivalently written in the form E (Q) = E0 − 34, 678 (1938) . 28 For a homogeneous 3D electron gas, the compressibility becomes negative at rs 5.4 for the paramagnetic state. 30 A transition of the paramagnetic ground state to a ferromagnetic state has been predicted in 3D. 30, 36 The values of rs, at which the transition takes place, are still dicult to estimate. Recent evaluations suggest a continuous transition over the range 20 ± 5 ≤ rs ≤ 40 ± 5 with a fully polarized state beyond rs 40, 29 or rather a second order transition to a partially polarized phase at rs = 50 ± 2 with full polarization at rs 100. 31 The transition to the ferromagnetic bcc Wigner crystal is found to be rst order at rs = 65 ± 10, 29 or at rs = 100 ± 20.
